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ABSTRACT 

We study the addition of flavor degrees of freedom to the supergravity dual of the non- 
commutative deformation of the maximally supersymmetric gauge theories. By considering 
D7 flavor branes in the probe approximation and studying their fluctuations we extract the 
spectrum of scalar and vector mesons as a function of the non-commutativity. We find that 
the spectrum for very large non-commutative parameter is equal to the one in the commuta- 
tive theory, while for some intermediate values of the non-commutativity some of the modes 
disappear from the discrete spectrum. We also study the semiclassical dynamics of rotating 
open strings attached to the D7-brane, which correspond to mesons with large spin. Under 
the effect of the non-commutativity the open strings get tilted. However, at small(large) 
distances they display the same Regge-like (Coulombic) behaviour as in the commutative 
theory. We also consider the addition of D5-flavor branes to the non-commutative deforma- 
tion of the M = 1 supersymmetric Maldacena-Nunez background. 
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1 Introduction 



The gauge/gravity correspondence [1] is a consequence of the two complementary descrip- 
tions of D-branes: an open string description as hyperplanes to which open strings are 
attached and a closed string description as solitons of the type II low energy string effec- 
tive action [2]. In the open string picture the D-brane dynamics is determined by (super) 
Yang-Mills theory in flat space whereas, from the closed string viewpoint, the D-branes are 
associated to non-trivial solutions of the classical equations of supergravity. By using this 
correspondence one can obtain the quantum dynamics of gauge theories by analyzing the 
properties of the corresponding solution of classical supergravity. 

In order to extend the gauge/gravity correspondence to more realistic scenarios we should 
be able to describe theories with matter in the fundamental representation. In a string 
theory setup this corresponds to adding open strings to the supergravity description of 
gauge theories. A simple way to achieve this is by considering a static quark source, as was 
done in ref. [3] to compute the expectation value of the Wilson loop operator. Alternatively, 
it was proposed in refs. [4, 5] that one can add dynamical quarks to the gauge/gravity 
correspondence by considering flavor branes and looking at their fluctuations. These flavor 
branes must fill the spacetime directions of the gauge theory and are extended along the 
holographic direction. 

For the AdS$ x S 5 geometry the appropriate flavor branes are D7-branes [6]. In this setup 
one starts with a stack of parallel D3-branes and adds another stack of D7-branes which fill 
the directions parallel to the worldvolume of the D3-branes and are separated from them 
by a certain distance along the directions orthogonal to both sets of branes. The strings 
stretched between the D3- and the D7-branes correspond to fundamental hypermultiplets 
in the four-dimensional gauge theory. These hypermultiplets are massive, with the mass 
being proportional to the separation of the two stacks of branes. In the decoupling limit 
the D3-branes may be replaced by the AdS 5 x S 5 geometry. Moreover, if the number of 
D7-branes is much smaller than the number of D3-branes, we can neglect the backreaction 
of the flavor branes on the AdS$ x S 5 geometry, and treat the D7-branes as probes. The 
fluctuation modes of the probe are then identified with the mesons, i.e. with the low energy 
excitations of the dual field theory. This program has been carried out in ref. [7], where the 
mass spectrum of the model has been obtained analytically. For similar analysis for several 
backgrounds and probes, see refs. [8]-[19]. 

In this paper we shall address the problem of adding flavor to a gauge theory living on 
a spacetime which has two spatial coordinates that are non-commutative. Such non-local 
theories have a long story (see ref. [20] for a review) and have been the object of intense study 
in recent years after the discovery that they can be obtained from limits of string theory and 
M-theory. Indeed, by considering string theory in the presence of a Neveu-Schwarz 5-field, 
and performing a suitable limit one ends up with a gauge theory on a non-commutative 
space [21, 22]. 

In the context of the gauge/gravity correspondence it is quite natural to have a super- 
gravity solution dual to the non-commutative gauge theory for large N and strong 't Hooft 
coupling. Actually, as pointed out in ref. [23] , this background can be obtained from the de- 
coupling limit of the type IIB supergravity solution [24] representing a stack of non-threshold 
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bound states of D3-branes and Dl-branes (for a similar analysis in more general brane setups 
see ref. [25]). The corresponding ten-dimensional metric breaks four-dimensional Lorentz 
invariance since it distinguishes between the coordinates of the non-commutative plane and 
the other two Minkowski coordinates. As expected, this solution has a non-vanishing Neveu- 
Schwarz 5-field directed along the non-commutative directions, as well as two Ramond- 
Ramond potentials and a running dilaton. This background contains a parameter 6 which 
corresponds to the non- commutative deformation of the corresponding gauge theory. For any 
non-vanishing value of the solution preserves sixteen supersymmetries, while for G = it 
reduces to the maximally supersymmetric AdS$ x S* 5 background. 

To add flavor to the (D1,D3) background we will consider a D7-brane probe. First of 
all we will make use of kappa symmetry to determine the static configuration of the probe 
that preserves supersymmetry. It turns out that this embedding is the same as the one 
considered in ref. [7], but now the metric induced in the worldvolume is different and 
the brane captures a non-vanishing Neveu-Schwarz 5-field in its worldvolume. Next, we 
will study the fluctuations of the scalar and worldvolume gauge field around the static 
configuration. Some of the scalar fluctuation modes are coupled to the worldvolume electric 
field. The corresponding equations of motion are coupled and break Lorentz invariance. 
However, we will be able to find a set of decoupled differential equations, which can be 
analyzed by means of several techniques. 

One way to extract information from the decoupled equations of the fluctuations is by 
transforming them into a Schrodinger equation. This can be done by performing a simple 
change of variables and the result is a wave equation for a quantum mechanical problem 
of a one-dimensional particle moving under the action of a potential, whose form can be 
determined. The analysis of this potential can be used to obtain the qualitative behaviour 
of the spectrum of the fluctuation modes. It turns out that, in order to have a discrete 
spectrum for some of the modes, the momentum along some directions must be bounded 
from above, the bound being a function of the non-commutative parameter 6. Actually, 
for any non- vanishing value of 0, the tower of energy levels of some modes is cut off from 
above and, in some window of values ©i < < 2 of the non-commutative parameter, 
this upper bound is so low that these modes disappear from the discrete spectrum. We 
have determined the value of 01,2 both by using the WKB approximation and by solving 
numerically the differential equation of the fluctuations by means of the shooting technique. 
Moreover, if G is large enough the spectrum of fluctuations reduces to the one corresponding 
to the commutative theory, a fact that is reminiscent of the Morita equivalence of algebras 
in the non- commutative torus (see [20] for a review and further references). 

In order to have a complementary picture of the meson spectrum we have studied the 
classical dynamics of a rotating string whose ends are attached to the D7 flavor brane. The 
profile of the string can be obtained by solving the Nambu-Goto equations of motion in the 
background under consideration with appropriate boundary conditions. We will verify that, 
as compared to the string in the AdS$ x S* 5 geometry, the non-commutative deformation 
results in a tilting of the string. The energy spectrum has a Regge-like behaviour for low 
angular momentum, with an asymptotic Regge slope which, remarkably, is the same as in the 
commutative case. For large angular momentum the energy obtained is that corresponding to 
two non-relativistic masses bound by a Coulomb potential. We will confirm these behaviours 
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by an explicit calculation of the static potential energy from a hanging string attached to 
the flavor brane. As an aside, we also consider a moving hanging string and briefly comment 
on some effects related to the breaking of Lorentz symmetry. 

We will also explore the effect of the non-commutativity on other background, namely 
the Maldacena-Nunez solution [26, 27]. The non-commutative version of this background 
was found in ref. [28]. This solution, which corresponds to a (D3,D5) bound state with 
the D3- and D5-branes wrapped on a two-cycle, preserves four supersymmetries and is dual 
to non-commutative M = 1 super Yang-Mills in four dimensions. One of the interesting 
features of this solution is that the dilaton reaches a finite value at the UV boundary and, 
therefore, one could try to use the non-commutative deformation to solve some of the dif- 
ficulties of the Maldacena-Nunez background due to the blowing up of the dilaton at the 
UV boundary. The flavor branes for the Maldacena-Nunez geometry are D5-branes wrapped 
on a calibrated two-dimensional submanifold [29] , which preserve the same supersymmetries 
as the background. These calibrated submanifolds were explored systematically in ref. [12] 
by using kappa symmetry. In this paper we will determine them for the non-commutative 
version of the model. After obtaining the Killing spinors of the background, we will find 
that the supersymmetric embeddings of the D5-brane probe are exactly the same as the ones 
corresponding to the commutative background. Next, we will study the fluctuations of the 
D5-brane probe around the static embeddings and we will discover that there also exists a 
coupling between the scalar and vector fluctuations, as happened in the case of a D7-brane 
probe in the (D1,D3) background. As expected, this coupling breaks Lorentz invariance. 
However, the differential equations for the coupled fluctuations are in this case much more 
complicated and we will not try to integrate them. 

This paper is organized as follows. In section 2 we will review the main features of 
the supergravity dual of non-commutative gauge theories. In section 3 we will start to 
study the dynamics of a D7-brane probe in this background. First we will determine the 
static supersymmetric embedding of the probe and then we will study its fluctuations. The 
corresponding meson spectrum will be obtained in section 4. In section 5 we will perform a 
semiclassical analysis of a rotating string attached to the flavor brane in the non-commutative 
background. The calculation of the corresponding static potential energy is done in section 
6. In section 7 we summarize our results and draw some conclusions. The paper contains 
two appendices. In appendix A we apply the WKB method to obtain the energy levels 
of the meson fluctuations. In appendix B we add a flavor brane to the non-commutative 
Maldacena-Nunez background. 

2 The supergravity dual of non-commutative gauge the- 
ories 

In this section we will review the main features of the gravity dual of non-commutative gauge 
theories obtained in ref. [23] (see also ref. [24]). This supergravity background is obtained by 
taking the decoupling limit of the solution corresponding to the non-threshold bound state 
of a D3-brane and a Dl-brane and contains a B field along two of the spatial worldvolume 
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directions of the D3-brane. The string frame metric takes the form: 

ds 2 = ^[dx 2 0A + hdx\,\ + ^[(dy 1 ) 2 +••• + (dy & ) 2 } , (2.1) 

where R 4 = Ang s N(a') 2 with N being the number of D3-branes. The radial coordinate r is 
given by r 2 = (y 1 ) 2 + h (y 6 ) 2 and the function h is: 

h = l — - , (2.2) 

1 + 6 4 r 4 ' v ; 

with 6 being a constant. The dilaton is 

e 2 * = hg 2 , (2.3) 

where g s is the string coupling constant. Notice that the function h distinguishes in the 
metric the non-commutative plane x 2 x 3 from the two other Minkowski directions. Moreover, 
this same function is responsible of the running of the dilaton in eq. (2.3). Obviously, when 
= the dilaton is constant and we recover the AdS$ x S* 5 metric. When 0^0 this 
background is dual to a gauge theory in which the coordinates x 2 and x 3 do not commute, 
being [x 2 , x 3 } ~ O 2 . 

This supergravity solution also contains a NSNS three-form H, a RR three-form and 
a self-dual RR five-form F^ 5 \ The expressions of the three-forms H and F^ are: 

2 

H = -— d yi [r A h] dx 2 A dx 3 A dy i , 

g s F (3) = 46 2 y i dx° A dx 1 A dy i , (2.4) 
while the RR five-form F^ can be represented as 

F (5) = £(5) + *£(5) ? ( 2 _ 5 ) 

with F^ being given by: 

9s p {5) = 4 hy* dx° A • • • A dx 3 A dy { . (2.6) 

These forms can be represented in terms of the NSNS B field and the RR potentials C( 2 ) 
and C(4) as follows: 

H = dB , F (3) = dC {2) , F (5) = dC iA) -HA C {2) . (2.7) 

The explicit form of these potentials is: 

B = -Q 2 — hdx 2 A dx 3 , 
R l 

9a CW = a 2 ^dx°Adx l , 

C (4) = £(4) + £(4) ? ^g) 
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where 

r 4 

9s C (4) = h — dx° A • • • A dx 3 , (2.9) 

and is a potential for *F( 5 \ i.e. , = dC {4 \ From now on we will take, for 

simplicity, g s = 1. Notice that, as expected, the 5-field has only components along the 
non-commutative plane x 2 x 3 , which approach a constant as r becomes large (i.e. for large 
energies in the gauge theory). However, for large r the metric changes drastically with 
respect to the AdS% x S 5 geometry, since the x 2 x 3 directions collapse in this limit. 

The background described above preserves sixteen supersymmetries. The corresponding 
Killing spinors have been obtained in ref. [30]. In the natural frame for the coordinate 
system we are using, namely: 

e - lu = Ldx ' 1 , e x2 ' 3 = r -hhdx 2 ^ , e"' = -dy\ (2.10) 

R R r 

they can be represented as 

e = e -§ r ^^ 3 ~ ^ ^2.11) 
where (3 is an angle determined by the equation [30] 

cos/3 = hh , sin/3 = 6 2 r 2 hS , (2.12) 
and e is the spinor satisfying the projection 

1 >..„ •• (^2) e = -e . (2.13) 
From the above equations it is immediate to prove that 

r x o... x s (ia 2 ) e = -e 13 ^ 2 ^ 3 < . (2.14) 



3 D7-brane probe 

Let us consider a D7-brane probe in the background described in previous section and let 
£ m (m = 0, • ■ • 7) be a set of worldvolume coordinates. If X M denote ten-dimensional 
coordinates, the D7-brane embedding will be determined by the functions X M (C, m ). The 
induced metric in the worldvolume is 

9mn = d m X M d n X N G M n , (3.1) 

where Gmn is the ten-dimensional metric (2.1). We are interested in configurations in which 
the D7-brane fills the spacetime directions x° ■ ■ ■ x 3 of the gauge theory. Therefore, it is quite 
natural to choose the following set of worldvolume coordinates 

r = (x° r --,x 3 ,y\---y) , (3.2) 

and consider embeddings in which the remaining two coordinates y 5 and y 6 depend on the 
( m 's. Notice that the norm of the vector (y 5 ,y 6 ) determines the distance between the D7- 
brane and the D3-branes of the background. We will consider first the case in which this 
norm is constant along the worldvolume of the D7-brane and, in general, different from zero. 
By looking at the kappa symmetry condition of the probe [31], we will show that these 
configurations are supersymmetric. Next, we will study in detail the fluctuations around 
these embeddings and we will be able to determine the corresponding meson spectrum. 
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3.1 Kappa Symmetry 

The supersymmetric configurations of a D-brane probe in a given background are those for 
which the following condition 

T K e = e, (3.3) 

is satisfied [31]. In eq. (3.3), T K is a matrix whose explicit expression depends on the 
embedding of the probe (see below) and e is a Killing spinor of the background. In order to 
write the form of T K , let us define the induced worldvolume gamma matrices as 

lm = d m X M E*rx, (3.4) 

where are constant ten-dimensional Dirac matrices and is the vielbein for the metric 
Gmn- Then, if j mim2 ... denotes the antisymmetrized product of the induced gamma matrices 
(3.4), the kappa symmetry matrix for a Dp-brane in the type IIB theory is [32]: 

i oo (_l)n 

r - \ " A >_ ~,rnwi _ _ _ m n n n <p . . . T y 

K I ; ; ^ r)n„l ' ' mini J m n n n ^ 

yJ-det(g + F) n=o 2 nl 

x(a 3 ) P ~^- n (ia 2 ) r (0) , (3.5) 
where g is the induced metric (3.1), T( ) denotes 

r ( o) = e"^ 1 lmi ... mp+1 , (3.6) 

and T is the following combination of the worldvolume gauge field strength F and the 
pullback P[B] of the NSNS B field: 

T = F - P[B] . (3.7) 

In eq. (3.5) o 2 and 03 are Pauli matrices that act on the two Majorana-Weyl components 
(arranged as a two-dimensional vector) of the type IIB spinors. 

Let us now consider the embeddings in which y 5 and y 6 are constant and the worldvolume 
gauge field F is zero. The induced metric for this configuration will be denoted by and 
the value of T in this case is: 

4 

jr(o) = _ P [ jB ] — O 2 L— h dx 2 A dx 3 . (3.8) 

After a short calculation one can prove that the matrix T^) for this embedding is: 

T(o) = /ir x o... x 3r , j / i...j / 4 . (3.9) 
Moreover, by using the expression of g(°\ J 7 ^ and h, one gets 

-det(^ (0) + ^ (0) ) = h . (3.10) 
Then, substituting these results in the expression of T K (eq. (3.5)), one arrives at: 

r K = h^r y i... y 4[r x0 ... x s(ia 2 ) + e 2 r 2 r x o x i a x ] , (3.11) 
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which can be rewritten as 

I'„ = r, ; ..., r < ;l >-' ; r.,,...,, (ia 2 ) , (3.12) 

where f3 is the angle defined in eq. (2.12). 

From this expression and the equation (2.14) satisfied by the Killing spinors, it is clear 
that the condition T K e = e is equivalent to 

Tyi...y4€ = — e , (3.13) 

which, taking into account that [T y i ... y 4,T x 2 x 3] = 0, can be put as 

T y i ...y4 I = —I . (3.14) 

Notice that this condition is compatible with the one written in eq. (2.13). Thus, this 
embedding with y 5 and y % constant, vanishing worldvolume gauge field and induced B field 
as in eq. (3.8), preserves eight supersymmetries and is 1/4-supersymmetric. 

3.2 Fluctuations 

Let us now consider fluctuations of the scalars y = (y 5 ,y 6 ) and of the worldvolume gauge 
field A m around the configuration with y 2 = (y 5 ) 2 + (y 6 ) 2 = L 2 and A m = 0. The lagrangian 
of the D7-brane probe contains two pieces: 

£ = Cbi + Cwz ■ (3.15) 

The Born-Infeld term is: 

Cbi = -e-* ^f-det(g + F) , (3.16) 

while the Wess-Zumino part is 

C wz = I P[C (4) ] A T A T + \ P\C {2) \ NT NT NT . (3.17) 
2 6 

Let us analyze first the Born-Infeld term. We shall expand the determinant in (3.16) up to 
quadratic terms in the fluctuations. With this purpose in mind let us put 

g = g {0) + g {1) , T = T^ + T {1) , (3.18) 

where g^ is the induced metric of the unperturbed configuration, T^ = — P[B\ and 

g£l = ^d m y.d n y, T^=F. (3.19) 

The Born-Infeld determinant can be written as 

y/- det(g + T) = y/- det ( g<® + ) ^/det(l + X) , (3.20) 
where the matrix X is given by: 

X = (V 0) + ^ {0) )~ 1 + • (3.21) 
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To evaluate the right-hand side of eq. (3.20), we shall use the expansion 

v /det(l + X) = 1 + - TrX - - TrX 2 + - (TrX) 2 + o(X 3 ) . (3.22) 

Zi t: O 

In order to write the terms resulting from this expansion in a neat form, let us introduce the 
auxiliary metric 

ds 2 = G mn drdC = (-(dx ) 2 + ■■■ + (dx 3 ) 2 ) + -J^ ((dy 1 ) 2 + ■■■ + (dy 4 ) 2 ) , 

(3.23) 

with p 2 being defined as: 

P 2 = (V 1 ) 2 + ■■■ + (V 4 ) 2 = r 2 -L 2 . (3.24) 



Notice that the metric Q is nothing but the induced metric for the unperturbed embeddings 
in the commutative (0 = 0) geometry. Moreover, it turns out that the matrix ( + J 7 ^ ) _1 
can be written in terms of the inverse metric Q^ 1 as: 

(gW +^ 0) y 1 = g- 1 + J, (3.25) 

where J is an antisymmetric matrix whose only non-vanishing values are: 

We are going to use this representation of (g^ + J 7 ^ ) _1 to obtain the traces appearing in 
the expansion (3.22). Up to quadratic order in the fluctuations, one gets: 

TrX = G mn g { ± + 2Q 2 R 2 F x2x3 , 

TrX 2 = F mn F nm + 2Q 4 R 4 (F^a) 2 , (3.27) 
where F mn = Q mp Q nq F pq . Using this result one can prove that: 



detfo + T) = 1 + 2 R 2 F A3 + l - G mn g<» + 1 F mn F mn . (3.28) 

Notice the quadratic terms are covariant with respect to the metric Q. Dropping the constant 
and linear terms (which do not contribute to the equations of motion), we have: 



-V-detC? 



/; " Q mn d m y-d n y+ \F rnn F r 



(3.29) 



where we have included the factor y/— det Q (which is one in the coordinates (x°, ■ ■ ■ , x 3 , y 1 , ■ ■ ■ 
Remarkably, the Born-Infeld lagrangian written above is exactly the same as that of the fluc- 
tuations in the = geometry and, in particular, is Lorentz invariant in the Minkowski 
directions x° ■ ■ - x 3 . This is so because there is a conspiracy between the terms of the metric 
(2.1) that break Lorentz symmetry in the x° ■ ■ ■ x 3 coordinates and the B field which results 
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in the same quadratic Born-Infeld lagrangian for the fluctuations as in the commutative 
theory. Actually, for p » L the effective metric Q approaches that of the AdS^ x S 3 space, 
which can be interpreted as the fact that the conformal invariance, broken by the mass of 
the hypermultiplet and the non-commutativity, is restored at asymptotic energies. 

It is interesting at this point to recall from the analysis of ref. [22] that the metric 
relevant for the non-commutative gauge theory is the so-called open string metric, which is 
the effective metric seen by the open strings and should not be confused with the closed string 
metric. By comparing the commutative formalism with the B field and the non-commutative 
description without the B field one can find the open string metric in terms of the closed 
string metric and the B field. Moreover, one can establish the so-called Seiberg-Witten map 
between the non-commutative and commutative gauge fields [22]. 

It has been proposed in ref. [33] that the metric (2.1) of the supergravity dual should be 
understood as the closed string metric. We would like to argue here that Q is the open string 
metric relevant for our problem. First of all, notice that we are identifying our fluctuations 
with open string degrees of freedom and, thus, it is natural to think that the metric governing 
their dynamics is not necessarily the same as that of the closed string background. Moreover, 
Q certainly contains the effect of the coupling to the B field and, actually (see eq. (3.25)), 
Q^ 1 is the symmetric part of (g^ — P[B] in agreement with the expression of the 
open string metric given in ref. [22] . Notice also that we are keeping quadratic terms in our 
expansion, which is enough to study the mass spectrum. Higher order terms, which represent 
interactions, are of course dependent on 0. This fact is consistent with the Seiberg-Witten 
map since the 0-dependent ^-product can be replaced by the ordinary multiplication in the 
quadratic terms of the action 1 . 

Let us consider next the Wess-Zumino term of the lagrangian, written in eq. (3.17). First 
of all, since P[B] AP[B] = P[C^] AP[B] = 0, one can write Cwz, at quadratic order in the 
fluctuations, as: 

C wz = ip[C (4) ] AFAF + \ p[C {i) \ AFAF - P[C {4) ]AFAB , (3.30) 
where the four-form is defined as: 

C (4) = £(4) _ C (2) A B _ (3 

A straightforward calculation, using the expressions of and B written in eqs. (2.8) 

and (2.9), gives the value of namely: 

Notice that the first term of Cwz in eq. (3.30) and the expression of the potential 
displayed in eq. (3.32), are exactly the same as those corresponding to the D7-brane probes 

1 It is also interesting to consider the action of a D3-brane probe extended along a; • • • a; 3 in the (D1,D3) 
background. By expanding the Born-Infeld action one can verify that the metric appearing in the quadratic 
terms of the lagrangian for the fluctuations is also 0-independent and Lorentz invariant in the directions 
x°---x 3 . 
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(3.32) 



in the G = geometry [7]. In order to find out the contribution of the other two terms in 
eq. (3.30), let us determine the explicit form of With this purpose, let us choose new 
coordinates, such that: 

(dy 1 ) 2 +■■■ + (dy A ) 2 = dp 2 + p 2 dn 2 3 , (3.33) 

where dD, 2 is the line element of a three-sphere of unit radius. In this system of coordinates, 
one has: 



>F (5) = /p2 4p ^ 4 2)3 ^3 A dy 5 A dy* + J^, 3 dp A lo 3 A ( yV - ) , (3.34) 



where U3 is the volume form of the three-sphere. It is not difficult now to obtain the 
expression of a four- form such that = dC^\ namely: 

= -r 4 Xl-L <«* A ( - ) ■ ( 3 - 35 ) 

(p 2 + y l y 

Let us consider next, without loss of generality, the fluctuations around the configuration 
with y = (0, L) and, following ref. [7], let us write: 

y 5 = V , y 6 = L + x- (3.36) 

Then, at first order in the fluctuations can be written as: 

= L# + * )2 ^&p . (3.37) 

It is immediate from this expression that the second term in (3.30) is negligible at second 
order. Let us denote by Cwz the third term in Cwz- By plugging the value of given in 
eq. (3.37) one easily obtains Cwz, namely: 



-0 2 R 2 L ( 2p 2 + L 2 ) h(p) ydet^ ( d p ip F x o x i + d x oip F x i p + d x i<p F px o ) , (3.38) 



where g is the metric of the S 3 and h(p) 1 = 1 + 6 4 ( p 2 + L 2 ) 2 . By integrating by parts, 
and using the Bianchi identity, d p F x o x i + d x o F x i p + d x i F px o = 0, one can write a more 
simplified expression for Cwz, namely: 



C wz = R 2 f(p)^Jdetg ipF x o x i , (3.39) 

where we have defined the function 

f(p) = Q 2 Ld p [(2p 2 + L 2 )h(p)} . (3.40) 

Thus, the effect of the non-commutativity on the fluctuations is just the introduction of 
a coupling between the scalar fluctuation (p and the gauge field components A x o and A x \. 
Notice that f(p) — > as p — > 00, which means that the scalar and vector fluctuations 
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decouple at the UV boundary and, thus, they behave as in the commutative theory when p 
is large. 

The equations of motion for the other scalar fluctuation \ and for the remaining compo- 
nents of the gauge field are the same as in the 9 = case (see [7] for a detailed analysis). Here 
we will concentrate on the study of the fluctuations that depend on the non-commutative 
parameter 9 which, as follows from the above equations, are those corresponding to the 
fields ip, A x o and A x i. As argued in ref. [7], by imposing the condition d xfl A x ^ = one can 
consistently put to zero the gauge field components along the three-sphere and the radial 
coordinate p. These are the modes called of type II in ref. [7], which here mix with the 
fluctuations along the scalar ip. The corresponding equations of motion are: 

(p2 f L2)2 ^^° + y 3 d p (p%A x o) + y 2 V^A x o -R 2 ^d x ,p = 0, 
U ' d»d p A x i + 1 d p (p%A xl ) + 1 V l V, A x i - R 2 M d x o p = , 



(p 2 + L 2 ) 2 p3 " vr " IV p 2 1 x p 3 

(p2 f L2)2 ^ V + y 3 d P (p%p) + j p + R 2 f M F x0xl = . (3.41) 

Notice that, as the scalar p decouples from the equation of —d x o A x o + d x i A x i, the Lorentz 
condition d xl " A x ^ = is consistent with the equations written above. 

3.3 Decoupling of the equations 

The introduction of some non-commutativity parameter [x u ,x u ] ~ Q pv explicitly breaks the 
Lorentz group 5*0(1, 3) — > 5*0(1, 1) x 50(2). Therefore, one can build two Casimir operators 
related to p M p M and p^Q^Pv [34]. Accordingly, let us define the operator: 

V 2 = -d 2 x0 + d 2 xl . (3.42) 

Moreover, the squared mass M 2 is the eigenvalue of the operator <9 M <9 M = — d 2 + d xl + <9 2 2 + 
<9 2 3 . Let us use these operators to decouple the equations (3.41). First of all, we can 
combine the equations of A x o and A x \ to get an equation for the field strength F x o x i. The 
equation for F x o x i becomes: 

■ d^d p F x o x i + \d p (p 3 d p F x o xl ) + 1 V'Vi^i + R 2 ^V 2 p = . (3.43) 



(p 2 + L 2 ) 2 * pi P xx > 1 pi " **-s"x- 1 — ^3 

This last equation, together with the equation of motion of p (the last equation in (3.41)), 
constitute a system of coupled equations. In order to decouple them, let us define the 
following combinations of F x o x i and p: 

(P ± = F x o x i±Vp . (3.44) 



Notice that V = y — 9 2 + <9 2 i makes sense acting on a plane wave. It is straightforward to 
get the following system of decoupled equations for ± : 

fi d»d p 4>± + ^Mp^d^) + \ V*V, 0± ± R 2 V<t>± = . (3.45) 



(p 2 + L 2 ) 2 ' pi^-p^' ' p 2 -.v* — p. 
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Let us now expand (f>± in a basis of plane waves and spherical harmonics: 

<t>± = Z±(p)e ikx Y l (S 3 ) , (3.46) 

where the product kx in the plane wave is performed with the standard Minkowski metric. 
Notice that 

P0 ± = A; O1 ± , (3.47) 

where fcoi is defined as: 

fcoi = V^o) 2 - (hy . (3.48) 
Moreover, in order to get rid of the factors R and L in the differential equations, let us define 
the following new variable: 

g = | , (3.49) 

and the following rescaled quantities 

M 2 = -R A L~ 2 k^ , k m =R 2 L~ l k m , & = &L. (3.50) 
Using these definitions it is an easy exercise to obtain the following equation for the function 
£fc = 



where f(g) is given by: 



f(g) = ® 2 d t 



2g 2 + l 



1 + 6 4 (f? 2 + 1)' 



l± = , (3.51) 
(3.52) 



Notice that M and k i are related as: 



fcox = VM 2 + k 2 3 , (3.53) 



where /C23 is defined as ^23 = R 2 L 1 y k 2 + k 2 . The explicit appearance of the momentum 
fcoi in the fluctuation equation (3.51) is a reflection of the breaking of Lorentz invariance 
induced by the non-commutativity. We will show below that the admissible solutions of eq. 
(3.51) only occur for some particular values of M and fcoi- Actually, for a given value of the 
momentum A; 2 3 in the non- commutative plane, koi depends on M (see eq. (3.53)). Thus, the 
study of eq. (3.51) will provide us with information about the mass spectrum of the theory 
and of the dispersion relation satisfied by the corresponding modes. 

When 6 = 0, the equations (3.51) can be solved analytically in terms of the hypergeo- 
metric function [7]. Indeed, let us define A as 2 A + 1 = VT+ M 2 . Then, one can prove that 
the admissible solutions have the form: 

Up) = Q l ( Q 2 + 1)~ A F(~\ -A + 1 + 1; I + 2; -g 2 ) . (3.54) 

The solutions (3.54) behave at g ~ as £± ~ g l . Furthermore, the above solutions must 
vanish at infinity. This fact is ensured by requiring that —A + I + 1 = —n, with n G 7L + . 
This requirement implies the following quantization condition for M[7]: 

M 2 (6 = 0) = 4(n + Z + 1) (n + Z + 2) . (3.55) 

Due to the quantization condition imposed to A, the power series of the hypergeometric 
function terminates at order g 2n and, as a consequence, £± decreases as ^r^ 2 ) as g — > 00. 
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Figure 1: The potential V+(y) for = (solid line) and for two non- vanishing values of 
0. The dashed line represents a potential such that there is only one turning point for zero 
energy. 

3.4 Study of the decoupled equations 

We are now going to study the general features of the fluctuation equation (3.51) for a 
general value of the non-commutativity parameter 0. In what follows the fluctuation modes 
corresponding to £ + and will be referred to simply as + or —modes respectively. A general 
technique to analyze equations such as those written in (3.51) is by performing a change of 
variables such that they can be written as the zero energy Schrodinger equation: 

%1>± ~ V ± (y)1> ± = 0, (3.56) 

where V±(y) is some potential to be determined. The change of variables needed to pass 
from (3.51) to (3.56) is [35]: 

ev = g, i>± = QU- (3.57) 

Notice that in this change of variables g — > oo corresponds to y — > +oo, while the point 
q = is mapped into y = — oo. Furthermore, by performing this change of variables in eq. 
(3.51) one gets the following form of the potential V±(y): 

(3.58) 

Thus, the problem of finding the values of M, as a function of /c23> which give rise to 
admissible solutions of eq. (3.51) can be rephrased as that of finding the values of M such 
that a zero-energy level for the potential (3.58) exists. When = 0, the potential (3.58) 
represents a well centered around the point y — 0, where it is negative, while it becomes 
strictly positive at y — ±oo (see figure 1). The Schrodinger equation in this commutative 
case has a discrete spectrum of bound states and when M is of the form (3.55) one of these 
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Figure 2: The function for I = 0. 

bound states has zero energy. When 0^0 the shape of V± is deformed (see figure 1) 
and it might happen that there is no discrete bound state spectrum such that includes the 
zero-energy level. In order to avoid this last possibility it is clear that one should have two 
turning points at zero energy and, thus, the potential must be such that lim^-toc, V±(y) > 0. 
From the explicit expression of V±(y) given in eq. (3.58) one readily proves that: 

lim V ± (y) = (l + l) 2 , 

lim V ± {y) = (/ + I) 2 T • ( 3 - 59 ) 



oo 



;i + e 4 ) 2 ' 



It is clear from (3.59) that the potential V_ for the —modes is always positive at y = ±oo. 
However, by inspecting the right-hand side of eq. (3.59) one easily realizes this is not the 
case for the -l-modes. Actually, from the condition lim^^oo V + {y) > we get the following 
upper bound on fcoi: 

fcoi < , (+modes) , (3.60) 

where the function &;*(©) is defined as: 

fe.(e) = 1 } (/ + i) 2 . (3.6i) 

In terms of the original unrescaled quantities, the above bound becomes: 

For a given value of the momentum k\ along the x 1 direction, the above inequality gives 
a bound on the energy ko of the +modes which resembles the stringy exclusion principle. 
Indeed, as in string theory, we are dealing with a theory with a fundamental length scale. In 
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such theories one expects that it would be imposible to explore distances smaller than the 
fundamental length which, in turn, implies that some sort of upper bound on the energy and 
momentum must hold. The function fc*(0) has been plotted in figure 2. Notice that this 
upper bound is infinity when — > (as it should) but also grows infinitely when — > oo. 
Actually the function fc*(0) satisfies the following duality relation: 

fc,(6) = © 4 A;*(i) • (3-63) 

A simple analysis of the function fc*(0) reveals that it has a minimum at a value of 
equal to 

©o = -jp « 0.7598 , (3.64) 
v3 

where it reaches the value £;*(0 O ) = ^ (I + l) 2 « 0.7698 (Z + l) 2 . 

Notice that the upper bound (3.60) satisfied by the +modes implies, in particular, that the 
spectrum of these modes is not an infinite tower as in the = case (see eq. (3.55)). Instead, 
we will have a discrete set of values of M which, for a given value of /, is parametrized by an 
integer n such that n < n*(0), where n*(0) is a function of the non-commutative parameter 
which diverges when = 0, oo. Actually, we will find below that, for some intermediate 
values of 0, there are no +modes satisfying the bound (3.60), i.e. they disappear from the 
spectrum. 

Another interesting conclusion that one can extract from the analysis of the potential 
V±(y) in eq. (3.58) is the fact that for sufficiently large the potential, and therefore the 
spectrum, reduces to the one corresponding to the commutative theory. Indeed, as shown 
in the plots of figure 1, V±(y) is the same for all values of in the region y — > +oo. On the 
contrary, the limit of V±(y) when y — > — oo does depend on (see eq. (3.59)). However, 
it follows from eq. (3.59) that when 6 >> koi the ©-dependent term of lim^.oo V±{y) 
can be neglected and, actually, when this condition for is satisfied the form of V±(y) in 
the whole range of y is approximately the same as in the = case. We will verify below, 
both analytically and numerically, that the spectrum for — > oo reduces to the one in the 
commutative theory. This fact, which might seem surprising at first sight, is reminiscent of 
the Morita duality between irreducible modules over the non-commutative torus (see [20] 
and references therein). 

4 Meson spectrum 

In this section we will analyze in detail the solution of the differential equations (3.51) for the 
±modes. The goal of this analysis is to determine the meson spectrum of the corresponding 
non-commutative field theory at strong coupling. We will first study this spectrum in the 
framework of the semiclassical WKB approximation, which has been very successful [36] in 
the calculation of the glueball spectrum in the context of the gauge/gravity correspondence 
[37]. The WKB approximation is only reliable for small and large principal quantum 
number n, although in some cases it turns out to give the exact result. In our case it would 
provide us of analytical expressions for the energy levels, which will allow us to extract the 
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main characteristics of the spectrum. We will confirm and enlarge the WKB results by 
means of a numerical analysis of the differential equations (3.51). 



4.1 WKB quantization 



The standard WKB quantization rule for the Schrodinger equation (3.56) is: 



[n 



1 /"f2 / 

+ o> = / d y] /-V ± (y), n>0, 

z J yi 



(4.1) 



where n G 2Z and y\ and y<i are the turning points of the potential (3.58) (V±(yi) = V±(y2) = 
0). One can evaluate the right-hand side of eq. (4.1) by expanding it as a power series in 
1/M. By keeping the leading and subleading terms of this expansion, one can obtain M as a 
function of the quantum number n. The explicit calculation for the potential (3.58) (which 
makes use of the results of [36, 35]) has been performed in appendix A. The expression of 
M one arrives at is: 



My/KB 



4(n + l) \n + l + l + (l + l) 



it 



01 



(4.2) 



Notice that this spectrum only makes sense if the condition (3.60) is satisfied. When 6 = 
the above formula is exact for / = and for non-vanishing / it reproduces exactly the 
quadratic and linear terms in n. In general, as we will check by comparing it with the 
numerical results, eq. (4.2) is a good approximation for small O and n >> 2(1 + 1). Notice 
also that, due to the property (3.63) of fc*(0), the spectrum for — > oo is identical to that 
for 0^0. 

Let us now analyze some of the consequences of eq. (4.2). Notice first of all that, as fcoi 
and M are related as in eq. (3.53), eq. (4.2) is really an equation which must be solved to 
obtain Mwkb as a function of &23 for given quantum numbers n and I. Let us illustrate this 
fact when n — I — k 2 z — 0. In this case k 01 = M and by a simple manipulation of eq. (4.2) 
one can verify that M WKB is obtained by solving the equation: 



F±(M WKB ) = 



Mwkb 
16 



Mi 



WKB 



± 



K(Q) 



0, 



(4.3) 



where the two signs correspond to those in eq. (4.2). The function F±(M\vkb) has a unique 



minimum at a value of M WKB = M* 



F±(M) 



'|, where it takes the value: 
, 1 



3^ K(Q) 



(4.4) 



Obviously, the equation F±(M WKB ) = has a solution for positive M WKB iff F±(M*) < 0. 
This condition is satisfied for all values of for F_ 
parameter must be such that 



whereas for F + the non- commutative 



3V3 



(+modes) 



(4.5) 
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From the form of the function we conclude that the above inequality is satisfied when 

< @i and > ©2, where ©i and ©2 are the two solutions of the equation £;*(©) = 
3v^3/a/8- By numerical calculation one obtains the following values of ©i and 2 : 

0i « 0.376 , 6 2 « 1.239 , (WKB) . (4.6) 

Therefore, the ground state for the +modes disappears from the spectrum if Oi < < @ 2 . 
One can check similarly that the modes with n > also disappear if ©x < < @ 2 . 
Thus (©i,©2) is a forbidden interval of the non-commutative parameter for the +modes. 
Moreover, notice that the condition (3.60) reduces in this k 2 3 = case to the inequality 
M < fc*(0). One can check that when © = 12 the bound (3.60) is indeed satisfied, since 

M = y /l<K(e 1 , 2 ) = 3y/3/y/8. 

For a non-vanishing value of the energy levels of the -l-modes are cut off at some 
maximal value n*(G) of the quantum number n. If we consider states with zero momentum 
&23 in the non-commutative plane, for which M = koi, the function n*(@) can be obtained 
by solving the equation 

where the left-hand side is given by the solution of eq. (4.2). One can get an estimate of 
n*(Q) for small and large values of by putting &;*(©) — > oo on the left-hand side of eq. 
(4.7). In this case eq. (4.2) yields immediately the value of M and if, moreover, we consider 
states with / = 0, one arrives at the approximate equation: 

4(n* + 1) (n* + 2) w ^(6) 2 , (4.8) 

which can be easily solved, namely: 

n.(e)«-^ + + (4.9) 



4.2 Numerical results 



We would like now to explore numerically the spectrum of values of M for the differential 
equation (3.51). With this purpose in mind, let us first study the behavior of the solutions 
of the equation (3.51) for small values of the radial variable g. In particular we will try to 
find a solution of the form: 

f± ~ e x ■ (4.10) 

For small g, the term containing M 2 in eq. (3.51) can be neglected and we find that £> A is a 
solution of (3.51) if A satisfies the quadratic equation 

A 2 + 2A-/(/ + 2) ±I ^|^ = 0, (4.11) 

where the two signs correspond to those of eq. (3.51). There are two solutions of the 
quadratic equation (4.11). The solution that corresponds in the 6 = limit to the function 
(3.55) is: 

A =- i+<;+i) f^5- < 4 ' i2) 
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where fc*(0) is the function defined in eq. (3.61). Plugging the value of these exponents A 
on eq. (4.10), we obtain the behaviour of the £± fluctuations in the IR, namely: 

£t ~ Q- 1+(l+1] V^S , (g ~ 0) . (4.13) 

As fc*(0) — > oo when — > 0, it is straightforward to verify that eq. (4.13) reduces to 
£ ± ~ ^' when = and thus, as claimed above, the IR behaviour of £± coincides with the 
one corresponding to the commutative fluctuations when the non-commutative deformation 
is switched off. Moreover, it is interesting to notice that the condition fc i < K(Q) for the 
+modes (eq. (3.60)) appears naturally if we require £+ to be real in the IR. 

In order to obtain the spectrum of values of M, let us study the behaviour of £± for large 
values of g. When g — > oo, the terms containing M 2 and fcoi i n eq. (3.51) can be neglected 
and one can find a solution which behaves as £± ~ g A for large g. An elementary calculation 
shows that there are two possible solutions for the exponent A, namely A = I,— (I + 2). 
Therefore, the general behavior of £± for large g will be of the form: 

£t ~ ci g l + c 2 g-« + V , (g ~ oo) , (4.14) 

where Ci and c 2 are constants. The allowed solutions are those which vanish at infinity, i.e. 
those for which the coefficient c\ in (4.14) is zero. For a given value of the momentum k 2 3 
in the non-commutative plane, this condition only happens for a discrete set of values of 
M, which can be found numerically by solving the differential equation (3.51) for a function 
which behaves as in eq. (4.13) near g = and then by applying the shooting technique 
to determine the values of M for which c\ = in eq. (4.14). Proceeding in this way one 
gets a tower of values of M, which we will order according to the increasing value of M. 
In agreement with the general expectation for this type of boundary value problems, the 
fluctuation £± corresponding to the n th mode has n nodes. Moreover, as happened in the 
WKB approximation, when ^ 0, oo the tower of states for the -l-modes terminates at some 
maximal value n — n* and, for some values of and k 23 , there is no solution for £ + satisfying 
the boundary conditions and the bound (3.60) (see below). 

Let us now discuss the results of the numerical calculation when the momentum k 23 in 
the non-commutative direction is zero. In this case one must put koi = M in the differential 
equation (3.51) (see eq. (3.53)). For small the numerical results should be close to those 
given by the WKB equation (4.2). In order to check this fact we compare in the table below 
the values of M 2 obtained numerically and those given by the WKB formula (4.2) for the 
±modes for I = and = .1 



M 2 


for +modes for / = 0, = .1 




M 2 


for —modes for I = 0, = .1 


n 


Numerical 


WKB 




n 


Numerical 


WKB 





7.37 


7.77 
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8.22 
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22.24 


23.19 
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2 


44.67 
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49.58 
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Figure 3: Numerical values of M 2 for the ground state n = I = for /c 23 = as a function of 
6 for £ + (left) and £_ (right). The corresponding value of the commutative theory is M 2 = 8. 

We notice that, indeed, the WKB values represent reasonably well the energy levels 
especially, as it should, when the number n is large. 

It is also interesting to analyze the behaviour of the ground state eigenvalue M(n = 0, / = 
0) with the non- commutative parameter 0. In figure 3 we plot our numerical results for the 
±modes when the momentum k 2 3 is zero. As expected, when 6 = we recover the value 
corresponding to the mass of the lightest meson of the commutative theory. Moreover, if we 
increase the value of M for the +modes decreases, until we reach a point from which there 
is no solution of the boundary value problem satisfying the bound M < fc*(0) in a given 
interval ©i < < 02 of the non-commutativity parameter. The numerical values of 0^2 are 
slightly different from the WKB result (4.6), namely ©i = 0.41, 2 = 1.37. It is interesting 
to notice the jump and the different behaviour of M at both sides of the forbidden region. 
Notice also that, as expected, M approaches the commutative result when is very large. 

For the —modes there is always a solution for the ground state for all values of and, 
again, the corresponding value of M equals the commutative result when = 0, oo. In- 
terestingly, the range of values of for which M differs significantly from its commutative 
value is approximately the same as the forbidden interval for the +modes (see figure 3). 

The differential equations for our fluctuations break explicitly the Lorentz invariance 
among the Minkowski coordinates x° • ■ -x 3 . In order to find out how this breaking is re- 
flected in the spectrum it is interesting to study the values of M 2 for /c 23 ^ 0. In this case 
koi 7^ M (see eq. (3.53)) and one can regard k 2 3 as a external parameter in our boundary 
value problem. When 0^0 the values of M that one obtains by solving the differential 
equation (3.51) do depend on /c 23 . This dependence encodes the modification of the relativis- 
tic dispersion relation due to the non-commutative deformation. For illustrative purposes 
let us consider the spectrum for the +modes. The values of M 2 as a function of k 2 3 for 
the ground state (n — I — 0) and two different values of are shown in figure 4. Notice 
that, as a consequence of (3.60), the momentum /c 2 3 is bounded from above. Moreover, M 2 
increases (decreases) with k 2 3 when < Q 1 (0 > 2 ), while it becomes independent of k 2 3 
as — > 0, 00. 
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Figure 4: Numerical values of M 2 for the ground state n = I = of the +modes as a function 
of &23 = for two different values of 0. The continuous line corresponds to = 0.1 < 0i, 
while the dotted line are the values of M 2 for = 2 > 02- 



5 Semiclassical strings in the non- commutative back- 
ground 

Let us now study the meson spectrum for large four-dimensional spin. An exact calculation 
of this spectrum would require the analysis of the fluctuations of open strings attached to 
the D7-brane in the non-trivial gravitational background of section 2. This calculation is 
not feasible, even for the case of D7-branes in the AdS^ x S 5 geometry considered in ref. 
[7]. However, for large four- dimensional spin we can treat the open strings semiclassically, 
as suggested in ref. [38]. In this approach one solves the classical equations of motion of 
rotating open strings with appropriate boundary conditions. These equations are rather 
complicated and can only be solved numerically. However, from these numerical solutions 
we will be able to extract the energy and angular momentum of the string and study how 
they are correlated. The analysis for the commutative = case was performed in ref. [7]. 
Here we would like to explore the effect of a non- commutative deformation on the behavior 
found in ref. [7]. 



5.1 Strings rotating in the non- commutative plane 



As explained above, the spectrum of mesons with large four-dimensional spin can be obtained 
from classical rotating open strings. In order to study these configurations let us consider 
strings attached to the D7 flavor brane, extended in the radial direction, and rotating in the 
x 2 x 3 plane (i.e. in the non- commutative directions). The relevant part of the metric is: 



r 

B 2 



Defining the coordinate z as 



dt 2 + hi (dx 2 ) + (dx 



R 2 



+ ^dr 2 . 



(5.1) 



(5.2) 
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and changing to polar coordinates on the x 2 x 3 plane, the metric above becomes: 

R 2 



-dt 2 + h (dp 2 + P 2 dd 2 ) + dz 2 



(5.3) 



where h and B, in terms of the new coordinate z, are 



h 



B 



1 + R 8 



e 4 



z" 



i? 2 



hpdpAd9 = -e z —hpdpAd6. 



(5.4) 



Notice that the coordinate p introduced above as radial coordinate in the x 2 x 3 plane has 
nothing to do with the one defined in eq. (3.24). Actually, since the string is rotating around 
one of its middle points, we must allow p to have negative values. Let us now consider an open 
fundamental string moving in the above background. Let (r, a) be worldsheet coordinates. 
The embedding of the string will be determined by the functions X M (cr, r), where X M 
represent the target space coordinates. Moreover, the dynamics of the string is governed by 
the standard Nambu-Goto action 



(5.5) 



where g is the metric induced on the worldsheet of the string. Let us write the form of the 
action (5.5) for the following ansatz: 



t = t , 9 = lot , p — p(a) , z = z(a) 



(5.6) 



where a; is a constant angular velocity. If the prime denotes derivative with respect to a, 
the determinant of the induced metric and the pullback of the B field for the ansatz (5.6) 
are given by: 



yfl Aetg= *±y/(l - hp 2 u 2 ) (hp' 2 + z' 2 ), 



P[B] = Q 2 —hpup'dTAd(T . 
By plugging this result on the action (5.5) one finds the following lagrangian density: 



d4 \ 

p 2 u 2 ) {hp' 2 + z' 2 ) + Q 2 —hpLop') . 



(5.7) 
(5.8) 

(5.9) 



The lagrangian (5.9) does not depend explicitly on t and 9. Therefore, our system has 
two conserved quantities: the energy E and the (generalized) angular momentum J, whose 
expressions are given by: 



E = uj 
J = 



dS_ 
duj 
dS_ 



S = 



R 2 



R 2 
2na' 



I 



da 



^hp r2 + z' 2 
z 2 \J\ — h p 2 uj 2 ' 
hp 2 oo v / hp' 2 + z' 2 
z 2 ^1 — h p 2 uj 2 



e 2 ^hpp' 



(5.10) 
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The physical angular momentum of the string is given by the first term on the second 
equation in (5.10), namely: 



Ji 



R 2 



2na 



-■I 



da 



hp 2 u Vhp' 2 + z r2 



Z 2 y/1 — h p 2 U) 2 



(5.11) 



The equations of motion defining the time-independent profile of the string can be ob- 
tained from (5.9). Moreover, in addition one must impose the boundary conditions that 
make the action stationary: 

dL 



T 5X 



M 



dT 



. 



(5.12) 



d{X') M 

As the endpoints of the string are attached to the flavor brane placed at constant z, 
Sz\qy; = 0. Moreover, since op\ ds is arbitrary, the condition (5.12) reduces to: 



dC 



dp' 



. 



(5.13) 



as 



Taking into account the explicit form of C (eq. (5.9)), one can rewrite eq. (5.13) as: 



VT 



Vhp ,2 + z 



h p 2 u 2 . 
W P 



puj 



dT 



(5.14) 



dT 



Eq. (5.14) can be used to find the angle at which the string hits the flavor brane. Indeed, 
let us suppose that the D7-brane is placed at z — zd7 and that the string intercepts the 
D7-brane at two points with coordinates p = —pm < and p = pm > 0. We will orient 
the string by considering the p = —pm (p = Pm) end as its initial (final) point. It follows 
straightforwardly from eq. (5.14) that the signs of dp /da at the two ends of the string are: 



dp 
da 



< , 



P=~PD7 



dp 
da 



> . 



(5.15) 



P=PD7 



Notice that for = the right-hand side of eq. (5.14) vanishes, which means that pj 9E = 
and, therefore, the string ends orthogonally on the D7-brane, in agreement with the results 
of ref. [7]. Moreover, p£> 7 = p^ 7 in the commutative case and the string configuration is 
symmetric around the point p = (see ref. [7]). On the contrary, eq. (5.14) shows that pj as 
does not vanish in the non-commutative theory and, thus, the string hits the D7-brane at 
a certain angle, which depends on the non-commutative parameter 9 and on the p and z 
coordinates of dT,. Actually, it follows from the signs displayed in eq. (5.15) that the string 
profile is not symmetric 2 around p = when 0^0 and that the string is tilted towards 
the region of negative p 3 . The actual values of dz/dp at the two ends of the string can be 

2 Rotating strings which are not symmetric with respect to a center of rotation were also considered in 
[39] where the asymmetry came from considering different quark masses. 

3 Thc strings rotating in the sense opposite to the one in (5.6), i.e. with 6 = —uot, are tilted towards the 
region of positive p. Apart from this, the other results in this section are not modified if we change the sense 
of rotation. 
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obtained by solving the quadratic equation for z' / p' in (5.14). One gets: 



dz 
dp 



"D7 



p 2 D7 uj 2 



-PD7 



O 2 p D7 uj 



dz 
dp 



P=PD7 



O 2 p D7 uj 



(5.16) 



where the sign of the right-hand side has been chosen to be in agreement with eq. (5.15) 
and we have defined = R 2 . 

Setting a = p, the equation of motion defining the string profile z(p) can be easily 
obtained from the lagrangian (5.9): 



h 



h pi. 



2h 2 



h + z' 2 l-hp 2 UJ 2 

r 4 

J2 - 



z(l-hp 2 uj 2 ) (h + z> 2 ) 



+h 




p UJ 



1 - p 2 uj 2 h 1 - 



(5.17) 



where now z' — ^. In order to solve the second-order differential equation (5.17) we need 
to impose the value of z and z' at some value of p. Clearly, the boundary condition (5.16) 
fixes z' at p — pD7- Since the string intersects the D7-brane at this value of p, it is evident 
that we have to impose also that: 



z(p = pDl) = z D7 . 



(5.11 



By using the initial conditions (5.16) at p = pm and (5.18), the equation of motion (5.17) 
can be numerically integrated for given values of z^7, Pm and uj. It turns out that these 
values are not uncorrelated. Indeed, we still have to satisfy the condition written in eq. 

(5.16) for z'(p = —p~D7), which determines the angle at which the p = —pD7 end of the string 
hits the brane and it is not satisfied by arbitrary values of zd7, Pm and uj. Actually, let us 
consider a fixed value of zd7- Then, by requiring the fulfillment of eq. (5.16), one gets a 
relation between the quark-antiquark separation Pd7+P~d7 and the angular velocity uj. Before 
discussing this relation let us point out that, due to the tilting of the string, the coordinate 
p is not a good global worldvolume coordinate in the region of negative p, since z(p) is a 
double-valued function in that region. In order to overcome this problem we will solve eq. 

(5.17) for z(p) starting at p = pD7 until a certain negative value of p and beyond that point 
we will continue the curve by parametrizing the string by means of a function p = p(z). The 
differential equation governing the function p(z), which is similar to the one written in (5.17) 
for z(p), can be easily obtained from the lagrangian density (5.9) after taking a = z. We 
have solved this equation by using as initial conditions the values of the coordinate and slope 
of the last point of the z = z(p) curve. By performing the numerical integration in this way, 
the p(z) curve is continued until z = zd7- Then pu7 is determined as —pm = p( z m) and 
one can check whether or not the string hits the flavor brane at p = —pm with the angle of 
eq. (5.16). For a given value of the angular velocity uj this only happens for some particular 
values of p^ and pm- Some of the profiles found by numerical integration are shown in 
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Figure 5: Rotating string profiles for three different values of the non-commutative parameter 
(6 =0, 1.5 and 3). The three curves correspond to the same value of pr> 7 . As grows the 
tilting increases. However, the maximal value of z is roughly the same for the three curves. 

figure 5. As explained above these curves are tilted in general. This tilting increases with 
the non-commutative parameter and, for fixed ^ 0, it becomes more drastic as uj grows. 

As mentioned above, for a given value of zm the fulfillment of the conditions written 
in eq. (5.16) determines a relation between pm-, Pm and uj. In order to characterize this 
relation let us define pm as the half of the quark- ant iquark separation, i.e. 2p D7 = Pdt+Pdt- 
In figure 6 we have represented pm as a function of uj for some non- vanishing value of 0. 
From these numerical results one concludes that pen — » oo when uj — > 0, while pm vanishes 
for large uj. Actually, the behaviours found for small and large uj can be reproduced by a 
simple power law, namely: 

- — - 

p D7 ~ uj s , [oj -> 0) , 

pm ~ oj~ x , (uj — ► oo) . (5.19) 

The power law behaviours displayed in eq. (5.19) coincide with the ones found in ref. [7] 
for the AdSc, x S 5 background. They imply, in particular that uj — > corresponds to having 
long strings, whereas for w->oowe are dealing with very short strings. 

Once the profile of the string is known, we can plug it on the right-hand side of eqs. 
(5.10) and (5.11) and obtain the energy and the angular momentum of the rotating string 
by numerical integration. As happens for the AdS^ x S* 5 background, large (small) angular 
velocity corresponds to small (large) values of the angular momentum J\. Actually, for small 
uj the angular momentum J\ diverges, while J\ — > for large uj. The spectrum E(Ji) can 
be obtained parametrically by integrating the equation of motion for different values of uj. 
The results for some values of have been plotted in figure 6. For small J\ (or large u) the 
meson energy follows a Regge trajectory since the energy E grows linearly with \fl\. The 
actual value of the Regge slope can be obtained analytically (see the next subsection) . This 
Regge slope, which is nothing but an effective tension for the rotating string, is independent 
of (see figure 6). An explanation of this fact is provided in the next subsection. For 
intermediate values of J\ the E{J\) curve does depend on the non-commutative parameter 
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Figure 6: On the left we plot the half of the quark- ant iquark separation p^ 7 as a function 
of the angular velocity uj. For large uj, pui ~ oj~ x (dashed line). In the uj — > region, 
Pdj ~ o;~ 2//3 (solid line). On the right plot we represent the energy versus angular momentum 
of the rotating string for the commutative and non-commutative theories. The meson masses 
follow Regge trajectories in the large uj (small J\) region with an effective tension which does 
not depend on the non- commutative parameter O and is given by eq. (5.29). The linear 
Regge trajectory given by eq. (5.28) is also plotted for comparison (solid line). For large Ji 
(small uj) which corresponds to long strings, the energy approaches the free value 2m q . We 
are setting zr>i = R 2 = a' = 1. 

while, on the contrary, for large J\ (or small uj) one recovers again the O = result, since 
the energy becomes 2m q , with m q = 2n a'z D7 being the mass of the quarks. Actually this last 
result is quite natural since this large J\ region corresponds to large strings and one expects 
that the effects of the non-commutativity will disappear. 

An interpretation of the behaviour of the spectrum in the two limiting regimes (small 
and large Ji) was given in ref. [7]. Let us recall, and adapt to our system, the arguments of 
[7]. For small J\ the string is very short and it is not much influenced by the background 
geometry. As a consequence the spectrum is similar to the one in flat space, i.e. it follows 
a Regge trajectory with a tension which is just the proper tension l/lira' appropriately 
red-shifted. This effective tension is independent of O. However, we will verify in section 6 
that this is not the case when computing the static quark-antiquark potential energy. The 
static and dynamic tensions are different and they only coincide for O = 0, where we recover 
the results of ref. [7]. 

For large J\ the spectrum corresponds to that of two non-relativistic masses bound by 
a Coulomb potential. This is in agreement with the fact that in this long distance regime 
the distance between the quark-antiquark pair is much larger than the inverse mass of the 
lightest meson and one expects large screening corrections to the potential. We will confirm 
this result by means of a static calculation, where we will compute the non-commutative 
corrections to the large distance potential. 
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Figure 7: On the left we represent the angular momentum J\ versus the angular velocity uo 
for = 3 and zd7 = 1- The corresponding energy versus angular momentum plot is shown 
on the right. The solid line corresponds to the linear Regge trajectory (5.28). 



For = the E(Ji) curve interpolates smoothly between the Regge behaviour at small 
Ji and the Coulomb regime at large J±. However, when is non- vanishing and large enough, 
the crossover region is more involved since, in some interval of Ji, the energy decreases with 
increasing angular momentum. By analyzing the numerical results of J\ as a function of uo 
(see figure 7), one can easily conclude that this effect is due to the fact that, when is large, 
the angular momentum J x has some local extremum for some intermediate values of uo. 



5.1.1 Large angular velocity 

Let us now analyze the case u — > oo. As we have checked by numerical computation, the 
solution in this limit consists of a very short string with ppj = 1/u and z(p) m zjj 7 . Actually, 
for large u the shape of the string resembles two nearly parallel straight lines joined at some 
turning point (see figure 8). Let p = — p* be the p coordinate of the turning point. The value 
of p* can be approximately obtained by noticing that d 2 z/dp 2 should diverge at p = — p*. 
By inspecting the differential equation (5.17) one readily realizes that this can only happen 
if 1 — hp 2 uj 2 vanishes. Taking into account that the coordinate z is very close to Zd 7 for these 
short strings, one concludes that: 

p* « , (5.20) 

hf) 7 to 

where ^ 

h D7 = (l + fprj ■ (5.21) 

Let z D7 + z* be the value of the function z(p) at p = — p* (see figure 8). It is clear that z* 
measures how far the rotating string is extended in the holographic direction. Our numerical 
calculations show that, for a given value of the angular velocity u, the tilting of the string 
grows as is increased but remains nearly the same. Let us check this fact from the 
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Figure 8: The string profile for large angular velocity. 



above equations for large values of 9. Indeed, in this case we can obtain approximately z* 
by multiplying the slope (5.16) by p*, namely: 



dz 
dp 



p* . (5.22) 

P=PD7 



Moreover, the expression (5.20) of p* for large reduces to: 



2 

p* « -2— , (5.23) 



and using (5.16) to evaluate the right-hand side of eq. (5.22), one gets: 



1 - p 2 m u 2 

P_D7_ (5 24) 

p D7 u z 

Notice that all the dependence has dropped out from the right-hand side of eq. (5.24) 
and, thus, is independent of as claimed. Moreover, by comparing with our numerical 
calculations we have found that eq. (5.24) represents reasonably well z*. 

Our numerical results indicate that the energy E and the angular momentum J\ do not 
depend on 0. Again we can check this fact by computing E and J% for large 0. Notice that, 
as po7 ~ 1/w, one gets from (5.23) that pm/p* ~ 2 D7/@ 2 an d, therefore, pm « p* if is 
large and, as a consequence, the profile of the string degenerates into two coinciding straight 
lines. Therefore, the energy and the angular momentum in this regime can be obtained by 
taking z = z^7 = constant in eqs. (5.10) and (5.11) and performing the integration of p 
between p = and p = p*: 

i 

R 2 h 2 m fP* dp 



E^2—^ ' , (5.25) 

2ixa' z z D1 Jo v 1 — nor p & 
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By an elementary change of variables, this integral can be done analytically and, after 
taking into account the expression of p* (eq. (5.20)), we get the following expression of E: 



E « - R \ . (5.26) 

Notice that the dependence of E on ho7, and thus on 0, has disappeared. Similarly, the 
angular momentum J\ can be written as: 

J ~ 2*- ^ r p2 - R2 (5 27) 

Jl 2m' 4 7 Jo P ^/l-h m p^ ~ Aa'^zl 7 ' [b - Z ° 

and Jx is also independent of the non-commutative parameter. Notice that E and J\ depend 
on the angular velocity uo as E ~ 1/u and J\ ~ 1/uu 2 . This means that, indeed, E ~ v^i m 
this large ui regime and, actually, if we define the effective tension for the rotating string as: 

2 



t!„ - ^ • (5.28) 



we have: 



^" " 2^ f ^2^% 7 - (5 ' 29) 

As argued in ref. [7] for = 0, the tension (5.29) can be understood as the proper tension 
at z — z D7 which is then red-shifted as seen by a boundary observer. 



5.1.2 Small angular velocity 

From the numerical computation displayed in figure 6 one can see that, in the large J\ 
region (which corresponds to small a;), the energy becomes: E ~ 2m g , where m q = 2 -Ka'z D7 
is the mass of the dynamical quarks. Furthermore, as we can see in figure 6, the separation 
between the string endpoints pm when uo — > behaves as lu~ 2 ^ 3 (see eq. (5.19)), which is 
the classical result for two non-relativistic particles bound by a Coulomb potential, namely 
Kepler's law i.e. the cube of the radius is proportional to the square of the period. This is 
precisely what one gets in the commutative case. In the next section we will calculate the 
static quark- ant iquark potential for long strings and we will verify that the dominant term of 
this potential is of the Coulomb form, with a strength which is independent of 0. Therefore, 
as expected on general grounds, in this limit the rotating string behaves exactly as in the 
commutative theory, and this can be understood taking into account that this uo — > limit 
corresponds to long strings, much larger than the non-commutativity scale of the theory. 



6 Hanging strings 

In this section we will evaluate the potential energy for a static quark-antiquark pair and we 
will compare the result with the calculation of the energy for a rotating string presented in 



28 




Figure 9: Energy of the static quark-antiquark configuration versus the string length L for 
6 = (commutative case), 6 = 1, 6 = 2, and 6 = 2.7 (setting z D7 = R 2 = a' = 1). The 
solid line shows the result of the numeric computation, the straight dashed line displays the 
Regge behaviour obtained in section 6.1, and the curved dashed line shows the Coulomb 
potential computed in section 6.2. 



section 5. Following the analysis of ref. [3], let us consider a static configuration consisting of 
a string stretched in the x 3 direction with both ends attached to the D7-brane probe placed 
at r = ro7- The relevant part of the metric is: 



r 
B 2 



2 ' R 2 * 2 



-dt 2 + h (dx^y 



+ -rdr 1 . (6.1) 



Using a; 3 as worldvolume coordinate and considering an ansatz of the form r = r(x 3 ), the 
Nambu-Goto action reads: 



where r' denotes J^. As £ does not depend explicitly on x 3 , the quantity r'J^ — L is a 
constant of motion, %. e.\ 

r 4 h 

, = constant . (6.3) 

The configurations we are interested in are those in which the string is hanging of the flavor 
brane at r = r^j and reaching a minimum value ro of the coordinate r. Since r' = when 
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r = r , we can immediately evaluate the constant of motion and rewrite eq. (6.3) as: 



- ^ = -=J— . (6.4) 
VR 4 r' 2 + r±h R + 04 r 4 



From this expression we get readily r' in terms of r, from which we can compute the string 
length (i.e. the quark- ant iquark separation) with the result: 

r r D7 dx 3 , ~ for rlil + 6 4 r 4 ) , 

2 / — dr = 2R 2 / 0V ' dr = 



r dr Jr r 2 ^r A - r 4 

The energy for this static configuration becomes: 

1 i r— v 2 



E 



These last two expressions for E and L can be evaluated numerically for any tq between 
and ro7- From this result we obtain the energy of the static quark- ant iquark configuration 
as a function of the distance between the quark and the antiquark. These results have 
been plotted in figure 9, where one can observe that the potential is linear for small quark- 
antiquark separation, while for large separation the energy becomes constant and equal to 
2m q . Notice that this behaviour is the same as the one we found for the energy of the 
rotating strings. In the next two subsections we will analyze carefully the small and long 
separation limits and we will obtain analytical expressions describing the behaviour of the 
configuration in those limits. 



6.1 Short strings limit 

The small separation limit L — > is achieved when r$ — > tdt- Then, by defining ^ = 1 + e 
and making the change of variable y — 1 + z, it is easy to get, at leading order: 

2R 2 



L = 



l + e 4 r 4 7 )6^, E = ^l + Q^ D7 e^ . (6.7) 

/ 77VV v 



7\D7 x ' 1TOL 



From the dependence of L and E on e we notice that, indeed, E = t^j-L, where rJJ^ is the 
effective tension and is given by: 

T w E_ r 2 D7 1 _ R 2 1 

L 2na'R 2 + q 4 ^, /l + 6 4 r| )7 ' 1 ' ' 

Notice that tJJj decreases with the non-commutative parameter O. Actually, the maximal 
value of rjjj is reached when 6 = 0, where it has the same value as the tension t^j- of the 
rapidly rotating string (see eq. (5.29)). Therefore, for a general value of 6 these two tensions 
have different values. 
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6.2 Long strings limit 



The limit L — > oo is achieved by taking the constant of integration r — > 0. It is easy to 
see from (6.5), (6.6) that the dependence on 6 cancels out at leading order. Therefore, the 
Coulomb behaviour of the commutative theory found in ref. [7] is exactly recovered at long 
distances. This is expected on general grounds since, at distances bigger than the scale set 
by the noncommutativity parameter of the field theory, the commutative theory must be 
obtained. However, let us see what we get beyond the leading term. Since ^ = 2?r ° mq , the 
length L in (6.5) can be rewritten as: 



2R 2 

r 
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i y 2 Vy^i 



j \ 2-KOi' TTlq 
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(6.9) 



The first integral in eq. (6.9) can be explicitly computed, namely: 

dy _V5Fr(|) 



c = 



r(i) 



0.59907 



(6.10) 



h y 2 Vy^l 

Moreover, when ^ = 27r ° o m<? is large, the second integral in (6.9) can be approximated as: 

dy 



ro 



I 2-Ka' V, 



y 2 Vy^l 3 (2ira'm q ) 3 ' 
while the third integral in (6.9) can be rewritten as: 
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The quantity in square brackets on the right-hand side of (6.12) is equal to —C, and approx- 
imating the integrand in the last term by ^r, L reads: 



L = 



2R 2 C 



2E 2 r 2 



r 3 (27ra'm q ) 3 
By solving iteratively for r (L), one gets: 



2na'm q r 2 ) — Crjj 
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(6.13) 
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On the other hand, for small ro the energy (6.6) becomes: 
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(6.15) 
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Substituting (6.14) into (6.15) we get: 

+ o(L- 5 ). (6.16) 

The first term in (6.16) is just the rest mass of the quark- ant iquark pair. The 1/L term is the 
Coulomb energy whose strength, as anticipated above, does not depend on and is given 
by the expression obtained in ref. [3]. The last term in (6.16) contains the 1/L 4 corrections 
to the Coulomb energy, which depend on the non-commutative parameter. 

6.3 Boosted hanging string 

As has already been pointed out, the non-commutativity parameter explicitly breaks Lorentz 
invariance. Therefore, giving a velocity to an object of the theory (and in particular to the 
string considered in the previous subsections) along the x 2 or x 3 cannot be described as a 
trivial Lorentz boost. Thus, it is worth taking a brief glance to a moving hanging string in 
the supergravity dual. 

In fact, a moving string can be coupled to the background B- field, adding to the action 
a term similar to that of a charged particle moving in a magnetic field. Let us consider the 
following (consistent) ansatz for the embedding of the worldsheet of the string in the target 
space: 

t — r, x 2 =vt, x 3 = x 3 (a), r = r(a). (6.17) 

By inserting this in the Nambu-Goto action (5.5), one readily obtains the effective lagrangian 
(we use the static gauge a = x 3 ): 

£ = - \ — (Vl - hv 2 Vr A h + R A r' 2 + e 2 r A hv) . (6.18) 
2na R z v ' 

It is interesting to notice the presence of the h factor inside the first square root. In usual 
commutative space-times, the fact that the speed of light is the limiting velocity gets reflected 
in this expression because the square root should be real. On the contrary, in this case we 
have v < h~2 so the limit is larger than one since h < 1. This agrees with the known 
fact that in non-commutative theories it is possible to travel faster than light [40]. In fact, 
the usual causality condition changes and the light-cone is substituted by a light-wedge [34] 
(there is no causal limit along the non-commutative directions). Notice that h — > when 
— > 00 and also when r — > 00. This last fact is connected to the observation in [41] where 
it was proved that the appearance of the light-wedge is related to the UV of the field theory. 
A study of causality in the field theory from the string dual has recently appeared in [42] . 

Since (6.18) does not explicitly depend on x 3 , one can immediately obtain a first order 
condition that solves the associated equations of motion r'|^ — C = const: 

Vl - hv 2 ^= T k A + G 2 r 4 hv = Jl - h v 2 r 2 hl + Q 2 r*h v , (6.19) 
V r A h + R 4 r' 2 
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where r is the minimal value of r, where the string turns back up and h = h(r ). It is 
straightforward to obtain the energy of this configuration: 



E 



1 rr D 7 
Tia' Jr 



dr- 



'r 4 /i(i - hv 2 ) - 



r 2 h$Vl ~ h v 2 + Q 2 v{r*h - r 4 h) 



(6.20) 



Of course, in the commutative limit Q = 0, h = h = 1, the v-dependence factors out of 
the integral and one recovers the usual relation E = ^^ ^ mo, where m denotes the energy 
for v = 0. In the general non-commutative case, this relation is modified in a complicated 
fashion since v cannot be factored out and the integral above cannot be solved analytically. 



7 Summary and conclusions 

In this paper we have studied, from several points of view, the addition of flavor degrees of 
freedom to the supergravity dual of a gauge theory with spatial non-conmutativity. This 
analysis is carried out by considering flavor branes in the probe approximation and by ana- 
lyzing the dynamics of open strings attached to them. First, by using the Killing spinors of 
the gravity background and the kappa symmetry condition for the probes, we explicitly find 
the stable, supersymmetric embeddings for the flavor branes. They turn out to be the same 
as those of the conmutative theory (this happens both for the background of ref. [23] ad- 
dressed in the main text and for the non-commutative dual of the Maldacena- Nunez solution 
studied in appendix B). Then, by solving the equations for the fluctuations of the probe we 
have computed the spectrum of scalar and vector mesons. We have found that the effective 
metric Q appearing in the quadratic lagrangian (3.29) which governs these fluctuations is 
exactly the same as in the commutative theory. Recall that Q is Lorentz invariant in the 
Minkowski directions and is the result of the combined action of the background metric and 
B field on the Born-Infeld lagrangian of the probe. We have interpreted Q as the open string 
metric relevant for our problem. 

The Wess-Zumino part of the action gives rise to the term (3.39) which depends on O, 
breaks explicitly the Lorentz symmetry and, in addition, couples the scalar and vector fluc- 
tuations. This Wess-Zumino term vanishes in the UV limit and, as a consequence, the UV 
dynamics of the fluctuations does not depend on the non-commutative deformation. This 
is in sharp contrast with what happens to the metric of the background, for which the in- 
troduction of the non-commutative deformation changes drastically the UV behaviour with 
respect to the AdS§ x S 5 geometry. By means of a change of variables we have been able to 
decouple the differential equations of the fluctuations and we have studied the correspond- 
ing spectrum. By looking at the — > oo limit of the equivalent Schrodinger problem we 
concluded that the fluctuation spectrum for large 6 is the same as that corresponding to 
the O = theory. We have also verified numerically that, for some intermediate values of 
O, the +modes are absent from the discrete spectrum. 

We have also studied the configurations of open rotating strings with their two ends 
attached to the D7-brane. The presence of a B field changes the boundary conditions to be 
imposed at the ends of the string and, as a consequence the string is tilted. Notice that this 
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tilting is also obtained when the strings are obtained as worldvolume solitons of D-branes 
in the presence of the B field (see, for example, [43]). By numerical integration we have 
obtained the profile of the string and determined its energy spectrum. Short strings present 
a Regge-like behaviour with an asymptotic slope which, despite of the tilting of the string, 
is the same as in the commutative theory. On the other hand long strings behave as two 
non-relativistic particles bound by a Coulomb potential, which is also the way in which they 
behave in the commutative theory. Finally, in section 6, we have independently studied these 
two limits for a static string configuration and briefly commented on the modification of the 
causality relation. 

Let us finally mention some aspects that it would be worth to study further. First of all 
it would be interesting to have a clearer understanding of the fluctuation spectrum in the 
intermediate region. Our results seem to indicate that new physics could show up there. It 
is an open question whether or not this is an artifact of our approach or a real effect in the field 
theory dual. By expanding the flavor brane action beyond second order we would get a hint 
on the meson interactions, which we expect to depend on the non-commutative parameter. 
Moreover, it would also be worth studying the behaviour of glueballs in non-commutative 
backgrounds (see [44] for some work along this line) in order to compare with the excitations 
coming from the flavor sector. Naively, since glueballs are dual to closed strings and feel the 
collapsing of the metric in the UV, one would expect a very different behaviour from that 
found studying mesons, which, as explained above, are effectively embedded in the UV finite 
open string metric. Nevertheless, from the field theory point of view we do not expect a 
priori such different behaviours. For this reason it would be interesting to clarify this point 
further. 

Another possible extension of this work would be trying to incorporate dynamical baryons. 
It was suggested in ref. [7] that such dynamical baryons could be constructed from the 
baryon vertex. Moreover, according to the proposal of ref. [45], the baryon vertex for the 
(D1,D3) background consists of a D7-brane wrapped on a five-sphere and extended along 
the non- commutative plane. Within this approach the dynamical baryons would be realized 
as bundles of fundamental strings connecting the two types of D7-branes, namely the flavor 
brane and the baryon vertex. 

Non-commutative field theories have been formulated long time ago. They display an 
intriguing UV/IR mixing whose implications are not fully understood yet. The study of 
their non-perturbative structure might still reserve us some surprises and we hope that our 
results could help to unveil them. 
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A WKB spectrum 

In this appendix we will derive the WKB equation (4.2) for the mass spectrum. We shall 
follow closely ref. [35] (see also ref. [36]). Let us suppose that 4>(g) is a function which 
satisfies a differential equation of the form: 

d s (g(g)d g <f>) + (M 2 q(g) +p( 6 ))<f> = 0, (A.l) 

where M is a mass parameter and g(g), q(g) and p(g) are three arbitrary functions that are 
independent of M. We will assume that near g ks 0, oo these functions behave as: 

9~9iQ sl , q~qiQ S2 , p^pig s:i , as^^O, 

g « g 2 g ri , q « q 2 Q T2 , P ~ P2Q t " i , as g -> oo , (A. 2) 

where c/j, p^, Sj and r» are constants. By a suitable change of variables the general 
differential equation (A.l) can be recast as a Schrodinger equation. The mass spectrum can 
be computed by means of the WKB quantization rule (4.1), where the right-hand side is 
expanded in powers of 1/M. The values of M are determined from the behaviour of g, q 
and p for g — 0, oo. Let us determine this behaviour in our case. The differential equations 
we are interested in have been written in eq. (3.51). By comparing eqs. (3.51) and (A.l) we 
immediately conclude that g, q and p are given by: 

9{0) = Q 3 , q(Q) = Tz / 2 , 2 , P(Q) = -Kl + 2)f? ± fcoi fio) ■ (A.3) 

(1 + g z ) z 

By expanding the functions written in eq. (A.3) we obtain: 

9\ = 1 , si = 3 , 

5i = 1 , s 2 = 3 , 

Pi = -Z(Z + 2)±^ IT ^, S3 = l. (A.4) 

Moreover, by studying the functions (A.3) at g — > oo we get: 

5-2 = 1, n = 3 , 

<?2 = 1 , r 2 = -1 , 

p 2 = -Z(Z + 2) , r 3 = 1 . (A.5) 



35 



The consistency of the WKB approximation requires [35] that s 2 — «i + 2 and r\ — r 2 — 2 
be strictly positive numbers, whereas S3 — s\ + 2 and ri — r 3 — 2 can be either positive or 
zero. Notice that s 2 — S\ + 2 = r\ — r 2 — 2 = 2 and S3 — Si + 2 = r x — r 3 — 2 = and, thus, 
we are within the range of applicability of the WKB approximation. Let us define, following 
ref. [35], the quantities 



ati — s 2 - si + 2 , (3i 
and (as s 3 — Si + 2 = r x — r 3 — 2 = see [35]): 



ri - r 2 - 2 , 



«2 



'(sx-1) 2 - 4 



Pi 
5i 



'(n -i) 2 -4 



P2 
92 



(A.6) 



(A.7) 



The values of a lj2 and /3i )2 for our case can be straightforwardly obtained from the results 
written in eqs. (A. 4) and (A. 5), namely: 



ai = Pi = 2 , a 2 = 2 (Z + 1) 



IT 



01 



/3 2 = 2(Z + 1) . (Ai 



\| Me) ' 

The mass levels for large quantum number n can be written in terms of a\ t2 and /3i ;2 as [35]: 



Mi 



7T 



«2 , @2 



— {n + 1) in + — + % , (n > 0) , 



(A.9) 



where ^ is the following integral: 



Jo 



g(g) 



(A.10) 



By substituting the values of g(^) and p(^) for the case at hand (given in eq. (A. 3)) we 
obtain: 

Plugging this result in eq. (A.9), and the values of a± i2 and P± i2 displayed in eq. (A. 8), one 
readily gets the WKB mass spectrum written in eq. (4.2). 



B Flavor in the non-commutative Maldacena- Nunez 
solution 

In this section we are going to explore the possibility of adding flavor to the supergravity dual 
of non-commutative J\f = 1 super Yang-Mills theory. The gravity dual of the corresponding 
J\f = 1 commutative theory is the so-called Maldacena-Nunez (MN) background [26] , which 
is a geometry generated by a fivebrane wrapping a two-cycle. This geometry, which was 
first obtained in [27] as a solution representing non-abelian magnetic monopoles in four 
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dimensions, is smooth and leads to confinement and chiral symmetry breaking (see ref. [46] 
for a review). The mass spectrum of mesons in the MN background was obtained in ref. [12] 
by considering the fluctuations of a D5-brane probe. 

The non-commutative version of the MN background was obtained in ref. [28] by means 
of a chain of strings dualities, very similar to the ones which led to obtain the (D1,D3) bound 
state solution described in sect. 2. Actually, the background found in [28] corresponds to a 
(D3,D5) bound state, with the D3-brane smeared in the worldvolume of the D5, and wrapped 
on the two-cycle. Let us review in detail this solution. The metric in string frame is given 
by: 

ds 2 = [dx 2 0A + h~ x dx\ z + e 29 ( del + sin 2 9 x dfa{ ) + dr 2 + ^{w l - A 1 ) 2 } , (B.l) 

where 0, h and g are functions of the radial coordinate r (see below) and A % is a one-form 
which can be written in terms of the angles [9\, 0i) and a function a(r) as follows: 

A 1 = -a(r)d9 1 , A 2 = a(r) sin 9 x dfa , A 3 = - cosM0i • (B.2) 

The w l 's appearing in eq. (B.l) are su(2) left-invariant one-forms, satisfying dw % = —\ w^A 
w k , which can be represented in terms of three angles fa, 9 2 and ip, namely: 

w 1 = cos ipd9 2 + sin ip sin 9 2 d<p 2 , 
w 2 = — sin ipd9 2 + cos ip sin 9 2 d(p 2 , 

w 3 = dip + cos9 2 d(f) 2 . (B.3) 

The angles fa, 9i and ip take values in the range < fa < 2tt, < 9{ < ix and < ip < 4n. 
Moreover, the functions a(r), g(r) and far) are: 

2r 

a(r) 



sinh2r ' 



r 2 

e 2g = r coth 2r 



sinh 2 2r 4 ' 

e -2<t> = e -20o J^L (B.4) 
sinh 2r 

where fa is a constant (0o — 0( r — 0)). The function h(r), which distinguishes in the metric 
the coordinates x 2 x 3 from x°x 1 , can be written in terms of the function far) as follows: 

h(r) = 1 + Q 2 e 2<t > , (B.5) 

where O is a constant which parametrizes the non-commutative deformation. 

Let us denote by the dilaton field of type IIB supergravity. For the solution of ref. [28] 
this field takes the value: 

e 2 * = e 2 *h- 1 . (B.6) 
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Notice that, when the non-commutative parameter is non- vanishing, the dilaton does 
not diverge at the UV boundary r — > oo. Indeed, reaches its maximum value at infinity, 
where — ■> _1 . This behaviour is in sharp contrast with the one corresponding to the 
commutative MN background, for which the dilaton blows up at infinity. 

This solution of the type IIB supergravity also includes a RR three-form F( 3 ) given by: 

F< 3 > = -j(w 1 -A 1 )A(w 2 -A 2 )A(w 3 -A 3 ) + j ]T F a A(u> a -A a ) , (B.7) 

where F a is the field strength of the su(2) gauge field A a of eq. (B.2), defined as: 

F a = dA a + l -t abc A b AA c . (B.8) 

The different components of F a can be obtained by plugging the value of the A a, s on the 
right-hand side of eq. (B.8). One gets: 

F 1 = -a' dr A dQ x , F 2 = a sin Q x dr A d(f>\ , F 3 = ( 1 - a 2 ) sin Q x dQ x A dfa , (B.9) 

where the prime denotes derivative with respect to r. The NSNS B field is 

B = e 2 ^ h' 1 dx 2 A dx 3 , (B.10) 

and the corresponding three-form field strength H = dB is 

H = 2Q (j)' e 2 ^ h- 2 dr A dx 2 A dx 3 . (B.ll) 

The solution has also a non- vanishing RR five- form F^, whose expression is: 

F (5) = B A F (3) + Hodge dual , (B.12) 

where B and F^ are given in eqs. (B.10) and (B.7) respectively. These RR field strengths 
satisfy the equations 

dF® = , 



dF (5) = d *p(5) = H A ^(3) ^ 



d * F (3) = _ H AF (5) _ p 13 ) 

Let us now define the seven-form F^ as: 

F (7) = _* F (3) _ ( B14 ) 

Notice that, with this definition, all RR field strengths satisfy the equation dF^ = H A 
j p(p-3)_ Then, they can be represented in terms of three potentials C^ 2 \ and as 
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follows: 



F (5) = dC (4) _ HAC (2) 

= dC W - HAC {4) . (B.15) 

We will need the values of these potentials in our calculations with flavor brane probes. The 
expression of can be obtained from [12], namely: 



C (2) 



1 



ip ( sin d\dd\ A d<pi — sin 6 , 2 <i6 , 2 A d(fi 2 ) — cos 6\ cos 6 2 d(f)i A d<p 2 — 
a{d9 l A w 1 - sinM^i Aw 2 )] . (B.16) 



In order to obtain the values of and let us introduce, following [12], the two-form 
C, defined as: 

r ((a 2 - l)a 2 e- 29 - 16e 2s ) cm 6^ Adr - (a 2 - l) e - 29 w 3 A dr + 



+ a' ( sin M0i Am^^Affi 2 )] . (B.17) 
Then, it can be checked that 

*{B AF (3) ) = Qdx° Adx 1 AdC , (B.18) 

where the star denotes Hodge dual with respect to the metric (B.l). It follows from this 
result and the expression of F^ given in eq. (B.12) that can be taken as: 

C (4) = B A C (2) + dx° A dx 1 A C . (B.19) 

Similarly, one can verify that F^ can be written as: 

F (7) = -/T 1 dx° A ■ ■ ■ A dx 3 A dC (B.20) 
and, thus, it follows straightforwardly that the potential can be represented as: 

C (6) = _ h -i dx° A--- Adx 3 AC . (B.21) 

At this point it is worth to recall several interesting features of the non-commutative MN 
background described above [28]. First of all, it is clear by inspecting the values of the 
different fields that in the commutative limit 6^0 the function h becomes one and we 
smoothly recover the commutative MN solution. Moreover, in the deep IR limit r — > the 
background does not completely reduce to its commutative counterpart, since the RR five- 
form F^ is not zero for r — > 0. This fact is in contrast with the behaviour of the (D1,D3) 
solution (see section 2) and has been interpreted in ref. [28] as an UV/IR mixing effect, 
which is presumably absent in Af = 4 super Yang-Mills but it is present in cases with less 
super symmetry. 
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B.l Killing spinors 

The flavor brane probes for the previous background are D5-branes extended along some 
calibrated submanifold, which will be determined by using the kappa symmetry condition 
(3.3). In order to apply this technique one must previously know the Killing spinors of the 
background. In this subsection we will determine these spinors for the solution of ref. [28]. 
Our discussion will follow closely a similar analysis done in ref. [12] for the commutative MN 
background. First of all, it is more convenient to work in Einstein frame, where the metric 
(B.l) becomes: 



ds E = e 2 /i 4 



1 



dx 2 ^ + h^dxls + e 29 ( de\ + sin 2 0i#? ) + dr 2 + -{w l -A l ) 2 \ . (B.22) 
We shall consider the following basis of frame one-forms: 

r 0,l ! . 1 , n 1 r 2 ' 3 i- i -i i 2 1 

e = e* h& dx ' , e x = e* h » dx ' , 

i. I 

e r = e 4 h» dr , 

e 1 = e* e 9 d6i , e 2 = e* e 9 sm9id(pi , 

e l = i e 4 h l s( w i - A 1 ) , (i = 1,2,3) . (B.23) 
Let us now define the following complex combination of the NSNS and RR three-forms: 

F = e-2 H + ie 2 F (3) . (B.24) 
In terms of the three-form F, the supersymmetric variation of the dilatino is [47] : 

5\ = l -d, e* - ± f m „ r"™ e > (B .25) 

while the gravitino variation is: 

<% = D„e + ^ r"-«iy + ( r/™ - 96? ) 6* . (B.26) 

The Killing spinors of the background are those for which the right-hand side of eqs. (B.25) 
and (B.26) vanish. In order to satisfy the equations 5X = dip^ = we will have to impose 
certain projection conditions on e. First of all, we shall impose the same condition as in the 
commutative MN background, namely [12]: 

r 12 e = r i2 e, (B.27) 

where the T's are flat Dirac matrices in the basis (B.23). We shall also introduce the angle 
a which also appears in the commutative case, namely 

0' 1 e~ 9 a' 

cos a = 7T- , sin a = ~- , (B.28) 

1 + s^L ( a 2 _ i) ' 2l + ^£( a 2_i)' 1 ; 
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whose value can be obtained from the explicit form (B.4) of the solution 

2r 

cos a = coth2r 5 — . (B.29) 

sinh 2r 

Let us now define a new angle (3 as: 

cos p = h~* , sin/3 = -0e*H . (B.30) 

Notice that (3 = when 6 = 0. Moreover, from the definition of h in (B.5) one can easily 
check that sin 2 /? + cos 2 /? = I. In terms of these angles the condition 5\ = takes the form: 

r r i23 a i e = cos a (cos (3 + sin (3Y x 2 x z <t 3 ) — smaY^ai e, (B.31) 

where we have written e as a two-component real spinor. In order to determine completely 
the Killing spinor, let us consider the variations of the different components of the gravitino 
along the directions of the basis (B.23). First of all, the conditions 5ip x v> = follow from 
the projections (B.27) and (B.31). Moreover, Sipt = is satisfied if, in addition, the spinor 
e satisfies 

0i e = (cos/3 + sin /3r x 2 x 303 ) e , (B.32) 

which can be recast as 

ai e = e^* 2 * 3 * 3 e . (B.33) 

Moreover, it can be checked that Sipi = 5ip2 = if we use the projections (B.27), (B.31) and 
(B.32) and the first-order differential equations satisfied by g and a, namely: 

g = —— (a 2 — 1) e~ 2g cos a — ae~ g sin a , 

a = -2a cos a + e~ 9 (a 2 - 1) sin a . (B.34) 

Let us now solve the projections (B.27), (B.31) and (B.32). Notice, first of all, that by using 
(B.32) on the right-hand side of (B.31), one arrives at: 

r r j23 e = ( cos a — sin«r i j ) e = e~ aFli e . (B.35) 

Moreover, since [^2^.303, T 1 j ] = {01,^23,303} = {r r |2 3 ,r i j} = 0, we can solve (B.27), 
(B.31) and (B.35) as follows: 

where e satisfies 

ri2£o — Ti2 eo , 0ieo = eo , r r j 23 eo = eo • (B.37) 

Plugging this expression into the equation 8ip r = 0, and using the fact that the angles a and 
(3 satisfy the following first-order equations 



a 



' = -e~V , (3' = -ee^'r 1 , (B.38) 
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we get an equation which determines the radial dependence of e : 

d r e = -<f>' h' 1 e + \ 6 2 e 24> 0' h" 1 e . (B.39) 
8 4 

This equation can be easily integrated, namely: 

e = e» hie r] , (B.40) 
with rjo constant. Therefore, we can write the final form of e: 

r i2 ?7o = r 12 770 , (Ti?7o = % , r ri 2 S m = vo ■ ( B - 41 ) 

The algebraic conditions for r] written above determine four independent solutions, which 
is in agreement with the fact that our background is dual to a four- dimensional Af = 1 
theory. Notice that for 9 = the above spinors coincide with the ones obtained in ref. 
[12] for the commutative MN geometry. The effect on e of the non-commutative parameter 
is reflected in the extra rotation with angle (3 on the right-hand side of (B.41) and in the 
additional power of h. Moreover, being a spinor of definite chirality of type IIB supergravity, 
e satisfies r x o... a; 3r 1 2r r .r 1 23e = e. Using this fact in eq. (B.35), one can easily demonstrate 
that e satisfies 

F x °-x 3 ( cosa;r 1 2 + sinar 1 r2)e = e , (B.42) 
which will be useful in the next subsection. 

B.2 Supersymmetric D5-brane probes 

In this subsection we want to characterize the embeddings of D5-brane probes which preserve 
the same supersymmetry as the background. The form of these embeddings is determined 
by imposing the kappa symmetry condition T K e = e, where e is one of the spinors (B.41) 
and the general expression of T K has been given in eq. (3.5). To parametrize the locus of 
the D5-brane we shall use the following set of worldvolume coordinates 

r = (*V",z 3 A,<M , (B-43) 
and we will consider embeddings in which 

02 = 2 (01,0l) , 02 = 02(^1,01) , 

V> = V(0i,0i), r = r(6 1 ,(f> 1 ) . (B.44) 

Moreover, we will take a vanishing worldvolume gauge field F = and thus the value of 
the gauge- invariant combination JF, which will be denoted by will be J 7 ^ = — P[B]. 
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From the expression of B in eq. (B.10) it follows immediately that the only non-zero com- 
ponent of P[B] is: 



e 



20 



F% = -iW = -0 — . (B.45) 
By adapting the general expression (3.5) of Y K to this case, one gets: 

e = 1 r {0) [ G\ - ^ T% io 2 ]e , (B.46) 

V" det{g ind + F^) 

where T( ) has been defined in eq. (3.6) and now we have denoted by g ind to the induced 
metric on the worldvolume (which should not be confused with the function g appearing in 
the metric). For convenience we shall work in the string frame 4 , where the metric is given 
by eq. (B.l). In this frame one has: 



l x " xZ = e-*hr x2x3 , (B.47) 
and, therefore, we can rewrite T K e as 

T K e = 1 _ r (0) [ o-i + e^I^s ia 2 ]e . (B.48) 

^-det(g md + ^)) 

Since tan/3 = — 0e^, where (5 is the angle defined in eq. (B.30), we can recast the above 
expression as: 

T K e = r (0) [ cos (3 - sin (3 T x 2 x 3a 3 ] a ± e . (B.49) 

cos/3^- det(g ind + f(°)) 

Moreover, by using eq. (B.32) to evaluate the right-hand side of eq. (B.49), we get: 

T K e = 1 r (0) e . (B.50) 

cos/3^- det(g ind + ^(o)) 

Let us now evaluate det(^ in( i-|-jF( )). We will first compute the sub determinant corresponding 
to the x° ■ ■ ■ x 3 coordinates. In this subdeterminant the only off-diagonal terms are those 
corresponding to ^2^.3, and it is easy to prove that: 

- det(g ind + F {0) ) x o... x 3 = e 2<t> ( e 24, h~ 2 + 2 e 4 * h~ 2 ) = e 4 * h' 1 , (B.51) 

where in the last step we have used the definition of h in eq. (B.5). Thus, if g is the induced 
metric in the {61, (pi) coordinates, one gets: 



det(g md + JT(o)) = e 20 h -k JfeTg . (B.52) 



4 Notice that passing from the Einstein to the string frame amounts to multiplying the spinor by some 
powers of and h. Thus, it follows that the Killing spinors for the non-commutative MN background in 
the string frame satisfy the same projections as those found in subsection B.l in the Einstein frame. 
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Moreover, by using the string frame metric (B.l), one concludes that: 

r (0) = e^h' l T x0 ... xAlei<i>1 , (B.53) 

where 70^ is the antisymmetrized product of the two induced matrices r )Q 1 and 7^. Let us 
use eqs. (B.52) and (B.53) to evaluate the right-hand side of eq. (B.50). After taking into 
account that cos/3 = hr*, one gets: 

r " e = ~7TT^ T x°-x 3 701^1 e • (B.54) 
Vdet g 

Notice that the matrix acting on e on the right-hand side of eq. (B.54) does not depend on 
0. For an embedding of the form (B.44) one can compute 70^ e by using the projections 
(B.27) and (B.35), which are also independent of 6. Then, the calculation of 70^ e for 
the non-commutative MN background is exactly the same as the one performed in ref. [12] 
for the O = case. Moreover, the kappa symmetry condition T K e = e is satisfied by any 
Killing spinor if it reduces to the equation (B.42). This only happens if the embedding 
functions (B.44) satisfy certain system of partial differential equations, which are identical 
to the ones found and solved in ref. [12] for the = case. Thus, despite the differences 
between the commutative and non-commutative MN backgrounds, the supersymmetric D5- 
brane embeddings of the form (B.44) are exactly the same. As a further check of this fact one 
can verify that the equations of motion for configurations of the type (B.44) also reduce to 
the ones of the O = geometry. Notice that the lagrangian of the probe is C = Cbi + £wz, 
where the Born-Infeld and Wess-Zumino terms are given by: 

Cbi = -e~* \J - det(g ind + T) , 

C wz = P[CM\ + P[C^\ A T + \ P[C {2) ] A T A T . (B.55) 

Let us denote by C^ = C%\ + Cy)z ^ ne lagrangian for a configuration of the type (B.44) 
with vanishing worldvolume gauge field. If T = = —P[B], we immediately prove, by 
using eqs. (B.52) and (B.6), that the BI term of is : 

4°} = -e+ yjtetg~ , (B.56) 

which is the same as in the O = MN background [12]. Let us consider next the WZ term 
of Since J*® A J=M = P[B\ A P[B] = 0, one has: 

£$ z = p[C<®\ - P[B] A P[C (4) ] . (B.57) 

Moreover, by using the expressions of and given in eqs. (B.21) and (B.19), one can 
prove that, if C is the two-form defined in (B.17), one has: 

£$ z = -dx° A • • • dx 3 A P[C] , (B.58) 

which has, indeed, the same form as the WZ lagrangian for the commutative MN background 
in ref. [12]. It follows that any embedding of the form (B.44) which solves the equations 



44 



of motion in the 9 = case is also a solution of these equations in the non-commutative 
background. 

The solutions of the kappa symmetry condition T K e = e have been studied systematically 
in ref. [12]. Some of the embeddings found in ref. [12] have all the right properties to be 
considered as flavor branes. They are characterized by a function r = ro(#i), which encodes 
the profile of the brane probe. The explicit expression of the solution found in [12] is: 

9 2 = 01 , 02 = 0i , i> = 7T, 3vr , 



sinhr = — - , (B.59) 

sin 6>i 

where r* is a constant which represents the minimal value of the radial coordinate r. There 
exists another physically equivalent embedding with 6> 2 = n — 9i, 02 = 2n — 0i, ip = 0, 2n 
and with the same function r (9i) as in (B.59). 



B . 3 F luct uat ions 

Let us consider now fluctuations around the configuration (B.59). Following the approach 
of ref. [12], we shall consider a configuration with $2 — 9i, 02 = 0i and ip = ir, 3ir, such that 
the radial coordinate is given by 

r(0i,0i,x) = r o (0i) + x(0i,0i,x) , (B.60) 

where x is small and r (6>i) is the function appearing in eq. (B.59). One can prove that 
the contribution of the BI term to the equations of motion is the same as in the 6 = 
case. In order to study the contribution of the WZ term, let us notice that, for the angular 
embeddings we are considering, the pullback of the w l one-forms is: 

Plw 1 } = -d9 1 , P[w 2 ] = -sin 6 1 d<j> 1 , P[w 3 ] = cos9 1 d<j) 1 . (B.61) 

Using this result, it is immediate to prove that 

P[C (2) ] = , (B.62) 

and, therefore, the last term in Cwz in (B.55) vanishes. Using this result in eq. (B.19), one 
gets that 

P[C (4) ] = dx° A dx 1 A P[C] , (B.63) 

where 

P[C\ = e 2(f) [ 2e 2g - - {a 2 - l) 2 e' 29 ] cos 9 1 dfa A dr , (B.64) 

with dr being the exterior derivative of the function written in eq. (B.60). The WZ term 
of the lagrangian can be written as Cy)z 

+ C WZ , where C$ z is given in eq. (B.57) and is 
the same that appears in the fluctuations of the 9 = case. The extra contribution Cwz is 
given by 

C wz = P[C<V] A F . (B.65) 
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By using the explicit form of P[C^}, we can write C W z at second order as: 



C W z = -6/(0i) cos6»i [r' F x 2 x 3 - d 6l x F x^ ~ d x 2xF x s dl - d^xFe^] , (B.66) 
where 

f(9 1 ) = e 2 * [ 2e 29 - - (a 2 - l) 2 e" 2 * ] , . (B.67) 

8 lr=r (fli) 

The first term in Cwz does not contribute to the equations of motion and can be dropped. 
Moreover, by integrating by parts in the remaining terms and by using the Bianchi identity 

de 1 F x 2 x s + d x 2 F x s 6l + d x s F dlX 2 = 0, one arrives at: 

Cwz = Qd 01 [ f(9 1 ) cos 9 1 ] X F x 2 x s . (B.68) 

This term in the lagrangian couples the scalar fluctuations x to the gauge field components 
A x 2 and A x 3, similarly to what happens in the (D1,D3) background studied in the main 
text. However, in the present case the equations for the scalar and vector fluctuations in the 
O = case are very different and the procedure to decouple them when © ^ is far from 
obvious and will not be attempted here. 
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